The higher order derivatives characterization of Q K type spaces, the so-called Q K (p, q) spaces, is given. Our result further means that the spaces Q K (p, q) can be described by the K-Carleson measures.
Introduction
In recent years a special class of Möbius invariant function spaces, the so-called Q p spaces, has attracted a lot of attention. We recall some facts about Q p spaces. Let g(a, z) = log(1/|ϕ a (z)|) be the Green function on the unit disk Δ in the complex plane C, where ϕ a (z) = (a − z)/(1 − az) is the Möbius transformation of Δ. For 0 p < ∞, the space Q p consists of analytic functions f on Δ for which
where dA is an area measure on Δ normalized so that A(Δ) = 1. It is easy to check that the space Q p is Möbius invariant in the sense that f • ϕ a Q p = f Q p for every f ∈ Q p and a ∈ Δ. We know that Q 1 = BMOA, the space of all analytic functions of bounded mean oscillation [5, 17] , and for each p > 1, the space Q p is the Bloch space B [1] (for the case p = 2 see [15] ) consisting of analytic functions f on Δ whose derivatives f are subject to the growth restriction
When p = 0, the space Q p degenerates to the Dirichlet space D. See [11, 14] for a summary of recent research about Q p spaces.
There are a number of ways we can further generalize the Q p spaces; see, for example, [16] for F (p, q, s), and [3, 10] for Q K . In this paper we are concerned with a more general generalization, the so-called Q K (p, q) spaces, and we characterize the Q K (p, q) spaces in terms of higher order derivatives. The higher order derivatives characterization of Q p spaces was given in [2] . The corresponding problems for Q K and F (p, q, s) spaces were studied in [8] and [13] , respectively. Our proof to ensure the higher order derivatives characterization of Q K (p, q) spaces is new even for above special cases.
Let K : [0, ∞) → [0, ∞) be a right-continuous and nondecreasing function. For 0 < p < ∞, −2 < q < ∞, the space Q K (p, q) consists of analytic functions f defined in Δ satisfying
Equipped with the norm |f (0)| + f K,p,q , the space Q K (p, q) is Banach when p > 1. The spaces Q K (p, q) were introduced in [12] and some basic properties about Q K (p, q) can be found there.
Throughout this paper, we suppose that the nondecreasing function K is differentiable and satisfies that K(2t) ≈ K(t); that is, there exist constants C 1 and C 2 such that
Otherwise, Q K (p, q) contains constant functions only (cf. [12] ). We know that [12, Theorem 3.1] ) and so the function K can be assumed to be bounded. To avoid Q K (p, q) = F (p, q, 0) we assume that K(0) = 0 in this paper; see [12, Corollary 3.5] .
The letter C denotes a positive constant throughout the paper which may vary at each occurrence.
In order to obtain our main results in this paper, we define an auxiliary function as follows:
We further assume that
and that
We know that (1.2) implies (1.3) for 1 < p < ∞. In fact, by [4, Lemma 2.1] the integral I is dominated by
One of our main results in the paper is the following.
where
For a subarc I ⊂ ∂Δ, the boundary of Δ, let
If |I | 1 then we set S(I ) = Δ. A positive measure μ on Δ is said to be a K-Carleson measure if
Here and henceforward sup I ⊂∂Δ means the supremum taken over all subarcs I of ∂Δ.
Note that p = 1 gives the classical Carleson measure; see [5] .
As a modification of p-Carleson measure our new K-Carleson measure has the following property; see [4] .
A geometric characterization of functions in Q K (p, q) in terms of K-Carleson measure can be stated as follows, which is our second main result in this note.
is a K-Carleson measure.
Preliminaries
The following lemmas will be used in the proof of our main theorems.
Proof. Suppose 1 p < ∞ and write z = re iθ ∈ Δ and ρ > r. By the Cauchy formula,
By Minkowski's inequality we have
For the case 0 < p < 1 we suppose f has no zero in Δ. Thus the function F (z) = (f (z)) p is analytic and by (2.1), 
If f has zeros, for a fixed s, 0 < s < 1, let f s (z) = f (sz). By Lemma 2 in [6, p. 79] there exist two nonvanishing functions f 1 and f 2 in H p such that
Since f 1 and f 2 are nonzero functions, for ρ > r
.
Let s → 1 and then
Thus for all p, 0 < p < ∞,
By the assumption of K we have K log 1 r K log 4 1 + r CK log 2 1 + r .
The proof is complete. 2
Lemma 4.
Let f be analytic in Δ and 0 < p < ∞, −2 < q < ∞. Then
holds for all positive integers n and a ∈ Δ.
Proof. Set
It is easy to see that
whenever z ∈ E(a, 1/e). Since |f (n) (z)| is subharmonic in Δ and E(a, 1/e) ⊂ Δ(a, 1/e) for any a ∈ Δ, by (2.4) we have
This means that (2.3) holds. 2
Lemma 6. [9, p. 626] Let f be analytic in Δ and 0 < r < 1.
holds for all analytic functions f in Δ.
Proof. We first show that for all p, 0 < p < ∞, we have the following estimate:
which gives the proof of Lemma 7 by setting r = ρ 2 .
To use (2.5) and (2.6) in our estimates, it is easy to see that the integrals
are comparable. For the case 1 p < ∞, by (2.5) and Lemma 5,
Thus, as we mentioned above the proof is complete. 2
The proof of Theorem 1
Our goal is to prove that
We write
On one hand,
By Lemma 4 and the following estimate (cf. [18] ):
we have
On the other hand,
Consider the function
Hence, by Lemma 3, Hence, (4.1) implies (4.2). The proof is complete.
